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Abstract. A class of splitting alternating algorithms is proposed for finding the sparse solution
of linear systems with concatenated orthogonal matrices. Depending on the number of matrices con-
catenated, the proposed algorithms are classified into the two-block splitting alternating algorithm
(TSAA) and the multiblock splitting alternating algorithm (MSAA). These algorithms aim to de-
compose a large-scale linear system into two or more coupled subsystems, each significantly smaller
than the original system, and then combine the solutions of these subsystems to produce the sparse
solution of the original system. The proposed algorithms only involve matrix-vector products and
reduced orthogonal projections. It turns out that the proposed algorithms are globally convergent
to the sparse solution of a linear system if the matrix (along with the sparsity level of the solution)
satisfies a coherence-type condition. Numerical experiments indicate that the proposed algorithms
are very promising and can quickly and accurately locate the sparse solution of a linear system with
significantly fewer iterations than several mainstream iterative methods.
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1. Introduction. The sparse solution of an underdetermined linear system has
gained significant interest in the field of science and engineering [6, 17, 21, 50, 1, 32].
Many practical problems can be formulated as finding the sparse solution to a linear
system, which commonly arises in compressive sampling [7, 13], signal and image
reconstruction [17, 35, 34, 1], linear inverse problem [3, 42, 45, 43|, model selection
[28, 24], and wireless network [11, 33]. The fundamental model for the sparse solution
of a linear system can be cast as

(1.1) min{||z|p:y = Az},

where y € R™ is a given vector, A is a given m x n matrix with m < n, and ||z||o
counts the number of nonzero entries of x € R"™. The data pair (y, A) may have dif-
ferent interpretations depending on application context. For instance, in compressive
sampling [7, 13], A is referred to as the measurement matrix and the entries of y
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are the acquired measurements of the signal; in wireless communication [11, 33], 4
is called the channel-gain matrix, and the entries of y are the received signals at the
terminals. Before proceeding, let us review some existing algorithms developed over
the past decades for solving (1.1).

(i) Convex optimization methods. Problem (1.1) can often be well approximated
by the ¢;-minimization model min{||z||; : ¥ = Az} which is a convex optimization
model (see, e.g., [10, 8]). The Lasso model min{|jy — Ax[|3 + A||z||1}, where X is a
positive parameter, is also a popular convex approximation of (1.1) [5, 2, 28]. Re-
placing ||z||p in (1.1) with a nonconvex ‘merit function for sparsity’ and employing a
linearization technique, one can develop the reweighted ¢;-minimization methods for
this problem [9, 52, 50]. Additionally, the so-called dual-density-based approach in
[54, 50] is also a convex optimization method for this problem. Convex optimization
problems are typically solved using interior-point methods which are efficient for rea-
sonably sized problems but have a significantly higher computational cost compared
to the next two classes of methods.

(ii) OMP-type methods. The orthogonal matching pursuit (OMP) was introduced
in the statistics literature several decades ago and later extended to signal processing
[40, 36, 47, 17]. Although OMP performs well for (1.1) in many cases, it is relatively
slow in locating the high-sparsity-level solution of large-scale problems. This is be-
cause the total number of iterations required by OMP is at least equal to the number
of nonzero entries in the solution. This issue also affects the variants of OMP, includ-
ing the stagewise orthogonal matching pursuit [15] and weak orthogonal matching
pursuit [46].

(iii) Thresholding-type methods. The iterative hard thresholding (IHT) [4] and
hard thresholding pursuit (HTP) [20] are also popular methods for solving (1.1).
Combining matching pursuit [36] with hard thresholding gives rise to the compres-
sive sampling matching pursuit (CoSaMP) [39] and subspace pursuit (SP) [12]. Soft-
thresholding methods, including the iterative shrinkage-thresholding algorithms
(ISTA) and fast iterative shrinkage-thresholding algorithm (FISTA) [3], are also widely
used for finding sparse solutions of linear systems. However, it is known that THT,
ISTA, and FISTA converge slowly and that their performance is sensitive to the choice
of parameters such as stepsize or soft-thresholding parameter. Recent developments
in thresholding-type methods can be found in [44, 22, 51, 37, 27, 45, 29, 31, 16].

Problem (1.1) is NP-hard [38], and developing an efficient general-purpose algo-
rithm for it is challenging. The aim of this paper is to develop an efficient, customized
algorithm for a class of structured large-scale problems involving matrices that are
concatenations of orthogonal matrices:

(1.2) A=[Dq,Dq,---,D,],

where ®;, i =1,...,p are m x m orthogonal matrices. Such matrices have long been
used as measurement matrices in signal and image recovery [14, 18, 17, 19, 26], and
they appear in applications like distributed compressed sensing and distributed sensor
networks [30, 41, 48]. Concatenated orthogonal matrices have both theoretical and
practical advantages due to their reduced coherence, which is crucial for robust signal
recovery [17, 26, 30]. However, the existing methods such as ¢;-minimization, OMP,
and thresholding methods use the matrix as a whole, failing to exploit its internal
structure. Compressive sampling theory [8, 17, 21] indicates that the performance
of a signal-reconstruction algorithm is closely tied to the structure of the measure-
ment matrix and its properties such as reduced coherence [17], restricted isometry
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property [8], null space property [21], and range space property [50]. Both simula-
tions and practical applications demonstrate that the matrix structure significantly
impacts the performance of signal processing algorithms. Therefore, it is essential to
develop an algorithm that fully leverages the matrix structure while maintaining low
computational cost for solving large-scale problems.

In this paper, we develop the splitting alternating algorithms (SAA) for finding
sparse solutions to large-scale linear systems with concatenated orthogonal matrices.
When two matrices are concatenated, the algorithm is called the two-block splitting
alternating algorithm (TSAA); for more than two matrices, it is referred to as the
multiblock splitting alternating algorithm (MSAA). Our algorithms aim to solve the
problem at a low computational cost by fully utilizing the matrix structure in (1.2).
Starting from an initial partition of y, say y = y1 + -+ + yp, we split the original
large-scale linear system into p coupled subsystems y; = ®;x;, i =1,...,p, solve these
subsystems, and update the current partition of y alternately. The idea of alternating
iteration has been widely used in the alternating direction method of multipliers
(ADMM) and distributed optimization approaches [5, 23, 55, 49]. SAA can also
be viewed as a decomposition method for large-scale sparse optimization problems.
We prove that the proposed algorithms globally converge to the sparsest solution of
a linear system if the mutual coherence of the matrix and the sparsity level of the
solution jointly meet a certain condition. Numerical results indicate that the proposed
algorithms can often solve a wide range of problems (1.1) with just a few iterations.
Moreover, the overall performance (success rate, convergence speed, and robustness
in signal and image reconstruction) of the proposed algorithms is superior to many
existing methods.

The paper is organized as follows. Section 2 describes the two-block splitting
alternating algorithm, and its global convergence is shown in section 3. The multiblock
algorithm is presented in section 4, and its global convergence is shown in section 5.
Finally, numerical results are given in section 6.

2. Two-block splitting alternating algorithms. In this section, we describe
the algorithm in two-block cases, while the multiple-block cases will be studied in
later sections. Let us first introduce some notations.

2.1. Notation. For u,v € R™, we simply write the vector z = [%] € R?*™ as
x = (u,v) when no ambiguity arises. x € R™ is said to be K-sparse if it has at
most K nonzero entries. We denote the support of z by supp(z) = {i : z; # 0}.
Given S C{1,...,n}, the cardinality and complement set of .S are denoted by |S| and
S =1{1,...,n}\ S, respectively. The vector z5 is obtained from x € R" by retaining
the entries indexed by S and zeroing out (or simply removing) those entries indexed
by S. By zeroing out entries, x5 remains n-dimensional, while by removing entries,
zg € RIS, The dimension of zg is clear from the content. Sorting the absolute values
of the entries of z € R™ in descending order |z;, | > |z;,| > -+ > |2;,|, we denote the
index set of the K largest absolute entries of « by Ly (x) = {i1,42,...,ix}. When two
indices are tied, choose the smaller one. The hard thresholding operator H i (z) retains
the K largest entries in magnitude and zeroes out other entries, so Hx (x) = zg with
S=Lk(z). Given SC{l,...,n} and a matrix A= [ay,...,a,] € R™*™ with columns
a;, we denote by Ag the submatrix of A consisting of theTcolumns indexed by S. We
denote the mutual coherence of A by pu(A) =max;.; %, which represents the
largest absolute inner product between the normalized columns of A.
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2.2. Algorithm description. Consider the matrix A = [®,, ®p], where &, D}, €
R™*™ are orthogonal. Suppose that z* = (z},z;) € R*™ is the K-sparse solution to
the system y = Az, where z,x; € R™. Then y can be written as y =y} + y; with
Yo = ®ox) and y; = Ppxy. Such a partition of y, determined by x*, is referred to as
the optimal partition of y. To find the solution z*, it is sufficient to find the optimal
partition (y},y;) of y. This motivates one to develop a method that can iteratively
search for the optimal partition of y. Let (xé ), (k)) be the current iterate which is
K-sparse. We adopt the following alternating search and partition strategy of y to
generate certain intermediate pomtb leadmg to the next iterate:

(i) Fix mlgk) and update x,(z Set y( ) o xg ) and uf oy — yl()k) (soy =

(k) —i—y(k)) Solve the system u( ) =9 aTq toget x, = @aTu,gk). Performing thresholding
yields xg =Hg ()= ’;’-lK(q)TuE1 )) by which 2% can be updated.

(ii) Fix 75 and update x(k) Set ¥ gk D, i and u(k) —y— ;“gﬁk) (soy =
ul()k) +§((1k)). Solve the system ul() ) =Py to get :L'b =of Uy, (k) . Performing thresholding
yields a?,()k) =H (zp) = Hx (®Luf) by which :Eb can be updated

We now formally state the algorithm which is referred to as the two-block splitting
alternating algorithm (TSAA).

TSAA: Input vector y € R™, sparsity level K, matrix A =[®,,®;] € R™*?™ with
b, Dy, € R"™*™ being orthogonal, and integer number 7 such that K <7 <2K.

S1 (Initialize) Give any initial point z(®) = (g o (O)) € R?™ and any initial

vectors ygo) in R™. Set k:=0 (initial count number of iteration).

S2 At the current iterate z(¥) together with yl()k), set
k) ~ k k k
ul =y — " T = Hic (@ ul), 0 =y — 0,70, 7Y = Hic (9] w).

S3 Let #® = FF,77) and d® = AT(y — Ax®). Set A®) = £, (W) U

(2.1) ) = argmin{|ly — x> : supp(z) C AR},
zeR2m

S4 Set S®) = L (™)) and

(2.2)  (aFtD), gFT) = gD argf?in{\\y — Az||s : supp(z) € S®)}.
rER2M

k+1) —®, J,‘(kJr )

Set y, Replace k£ + 1 by k and repeat S2-S4 until a stopping

criterion is met.

Remark 2.1. (i) To more efficiently chase a sparse point, we incorporate two
shrinkages and orthogonal projections into the procedure as shown in S3 and S4
above. The first shrinkage is relatively loose, aiming primarily to reduce the error
|ly — Ax||2, while the second ensures that the iterate is K-sparse. (ii) Various stopping
criteria can be employed in TSAA. For example, the algorithm may terminate when
ly — Am(k)Hz < e, where € > 0 is a given tolerance, or after reaching the prescribed
maximum number of iterations. (iii) The computational cost of TSAA is low. Steps
S2 and S3 only involve matrix-vector products, and (2.1) and (2.2) are small least-
squares problems with at most 2K and K variables, respectively.

3. Analysis of TSAA. In this section, we prove that the sequence {x(k)}kzl,
generated by TSAA, converges to the solution of (1.1) under some assumption. Several
useful lemmas are needed for the purpose. The first one below was taken from [53].
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LEMMA 3.1 (see [53]). For any vector z € R" and any K-sparse vector x € R,
one has ||z — Hi(2)]]2 < w|[(x — 2)sus=|l2, where w := @, S = supp(z) and S* =
supp(H (2))-

LEMMA 3.2. Let M € RA*% be a matriz with absolute entries |m;;| <« for some
number o> 0. Then for any u € R®, one has || Mul|s < 252 alfulf,.

Proof. Let m¥ = (my1,...,m4,),i=1,...,¢; denote the rows of M. Then

fl 1
IMull3 = (mPu)® <y Z|mij|2 lull3 < 16207 [ull3,
=1 =1 \j=1
which implies that ||Mul|s <Vl laa||u]2 < %QHUHQ. d

We now establish the next two lemmas that may be of independent interest.
LEMMA 3.3. Let A= [®,, D], where ®,, D, € R™*™ are orthogonal matrices. Let
AC{1,...,2m} be an index set with |A| <m. Then for any u € R*™ one has
[[(ATA = Dyua [, < u(A) (Al uallz + mllugll2)

where A= {1,...,2m} \ A.
[ o oTe,

AT AT —
Proof. Denoted by M :=A"A—1= #Ta, 0

the lemma. Still, let 7 denote the ith row of M and I = supp(m®). Note that
every nonzero entry of M is bounded by u(A) and that every row of M contains at
most m nonzeros and hence |I?] < m. For any u € R*™, we have

]. Let A be the index set given in

im@u| = |(m")sup + (m ))AuA| = (M) pnrrtpnra + (M ))Kmu)uxm[(i)\
(3.1) <||(m™) (m%)x

Notice that for any vector v with £ nonzero entries which are bounded as |vz| < B,
one has |[v]l < V¥B. Thus |(m®) [ANT@|u(A) and ||(m@)¢ 2 <

|ANT@|u(A). We also note that ||uAm<i> H2 < Juall2 and ||ugn ) |2 < |lugll2. There-
fore, it follows from (3.1) that

(3-2) m®u| < u(A) ( AN IO [luallz +/[AN 1(“IIUA||2> :

There is an index i € A such that [m®u| = max;es [m@)u|. By using (3.2), we obtain

1(Mu)allz < V/IAJm@u] < w(A)v/]A] ( AN T [luallz +/[AN I“)IlluAlz)
< u(A) ([Af[unllz +mllugll2)

which follows from |[A N T®W| <|A| and /[A[\/|[ANT@| < (JA]+ |[ID])/2 < m. O

LEMMA 3.4. Let A=[®,, D], where ., D, € R™*™ are two orthogonal matrices.
Let x* be the K-sparse solution to the system y = Az and K < 1/p(A). Let A C
{1,...,2m} be an index set with cardinality K <|A| <1/u(A). Let

(3.3) z+:argzg%i%{ﬂy—AzHg:supp(z)gA}.
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Then

T m(4) '
(3.4 || |2§\/1+<1—|A|N(A)> I+ — ")l

where A={1,....2m} \ A.

Proof. As 2T is the solution to (3.3), at this point the components of the gradient
of ||y — Az||3 indexed by A vanish. Namely, [AT (y — AzT)]s = 0. Substituting y = Az*
into this equality leads to [AT A(z* — 27)]x = 0, and hence —(zF — %) = [(ATA —
I)(z" — 2*)]5. Thus, by Lemma 3.3, one has

I = 2)all = II(ATA = 1) (=" = 2*)]all2
< () (A = )l +mll (2 — 2)5la)

which together with ||z* —z*||3 =||(z" — 2*)a||3 + [|(zT — 2*)[|3 implies (3.4). O

The lemma below provides a condition for the uniqueness of solution to (1.1).

LEMMA 3.5 (see [17]). If * is a K-sparse solution to the linear system Ax =y
and K < 5 (1 + (A)) then x* must be the unique sparsest solution to this system.

We are ready to show that the sequence {x(k)}kzl, generated by TSAA, converges
to the sparsest solution of the linear system under a condition expressed in p(A).

THEOREM 3.6. Let A= [®,, ®p], where @4, P, € R™*™ are orthogonal matrices.
Suppose that o* = (x},x;) is the K-sparse solution to the system y= Ax and that

71 min 676(1_0)2 L i
(35 NS o { = () }

where ¢ = \/5 <1 (w= ‘/5+1) Let 20 € R?™ and y, 0) ¢ R™ pe any given initial
vectors. Then the sequence {x*) = (xgk),xgk))}kZh generated by TSAA, satisfies

k
F+D )y < pllat®) — il

(|«
for all k> 1, where

(3.6)

_ 3Kw3u(A)
2

9

14 [ —meA) ? 14 mu(4) 1\ 4 3Kwu(A4)\*
1—Ku(A) 1—-2Ku(A) 2

which is strictly smaller than 1 under (3.5). Thus the sequence {2} converges

to x*, the unique sparsest solution of the linear system.

Proof. Condition (3.5) implies K < (1 + ﬁ) (see Remark 3.1 for details)
which, by Lemma 3.5, ensures that «* = (z,2}) is the unique sparsest solution to
the system y = Az. The vector y can be written as y = vy + y;, where y; = @,z
and y; = ®pxf. Given zF) = (g (k) l()k)) TSAA generates z(Ft1) = (x gkﬂ),xl()k“)) by
performing its steps S2-S4. Let x(k) (k),~gk) ~(k) (k), ék) be defined as in TSAA.
Denote by z( ) — <I>T El and z(k) = <I>T ( ). We see from S2 that for all k& > 1,

(k) + &,z ~(k) =y=yr+y; =Pz, + Ppxy. Thus

zék) —xp = @gugk) —af =0 (Dyat 4 Opf — D,7H)) — 7
(37) = q)géa( a xt(zk))v
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where the last equality follows from the orthogonality of ®,. From S2 of TSAA, we

see that for all k> 1, u, ( )y yék) =y=,2} + Ppx; and ygk) = @bxgk). Thus

20 g =Ty — g = T (Bt + Dy — @bxék)) -z
(3.8) =27 @y(af —;),

where the last equality follows from the orthogonahty of D,,. Denote by S, = supp(

zy),
Sy = supp(z}), ng) = supp(xfl)) = 5upp(’HK(za )) and Qb = supp( ) —
3.

supp(’H,K(Zék))). Thus |ng)|, |ng)| < K. Denote by Fl()k) = supp(xlgk)) Then, by (3.8)
and Lemma 3.1, one has

128 = afllz = 1Hx (57) — 25 2
<wl[(zM =235, uag ll2 = wIl[®F By (x5 — 23], o 12
= w[[[(®a) g, Lo | @o(w; — 2f)l2
(3.9) = wl[[(®a) g, 001" (@) g, pem (@5 — ) g, ooz,
where the last equality follows from the fact supp(x; — zk )) C supp(zy;) Usupp(z, (k ))
Sp U F(k) Note that every entry of the matrix M = [(<I> )s uQ(k)] ((I)b)s ne is the

inner product of a column of ®, and a column of ®;. Thus the entries of this matrix
are bounded by u(A). Thus, by Lemma 3.2, we immediately have that

k
1(®a) . o)™ (@0)s,0ms (5 — 25) g pom 2
1 k) . k
< 5(1Sa U QP+ 185, UTL (A (5 — 24”) g, o |2
(3.10) < (3K/2) ul(A)||z; — 2|2,

where the last inequality follows from the fact |S’aUQ,(Ik) |+ |SbUFl()k)| < |Q,(lk) |+ \Fl()k) |+
[Sa| + S| <3K. Merging (3.9) and (3.10) yields

- % (k
(3.11) 15 — %o < win(A) (3K/2) ||z — 2|l
Similarly, by (3.7) and Lemmas 3.1, one has
~ k * k *
17 — 2jlle = 1Hxc(25") — 212
k *
<wll(5" —21)g,u0m 2
= ][0 @a(wh — )5, oo
=u| [((I)b)sbugék)]T((I)a)saugg’“) (25 —ZM) g owll2-
By Lemmas 3.2, we have that
(k N 1 .~
I35 = aillo < Jwn(4) (195U Q4P| +1S, U0k s - 70)
(3.12) < wp(A) (BK/2) ||z — P o,

S,uQl 2

where the last inequality follows from |S, U Q,()k)| +]S, U Qflk)| < |Ql()k)| + |ng)| +|Sa| +
|Sp| < 3K. Merging (3.11) and (3.12) yields

~(k * * k
(3.13) 1755 — 25 o < [wn(A) BK/2)) |25 — 27| |2.
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Denote by u = H,(ZF)), where Z7(F) = (igk),igk)) and 7 is the integer number given
in TSAA. By Lemma 3.1, we have [|[u — 2* ||z < w|[(T®) — 2*)suall2 < w||TF) — 2* ||z,
where S =supp(z*) and A =supp(u). Combing with (3.11) and (3.13) yields

(3.14) lu— a2 <w’u(A) (3K/2) \/1 + [BRwu(A) /2 2y — a7l2-

By the structure of TSAA, the 2K-sparse vector Z(*) is the solution to the least-
squares problem (2.1). Note that supp(u) C L, (%)) C A®) = £ (FF)U Loy, (d*),
where d*) = AT (y — Az™®)). Clearly, |A®)| < 2K < ﬁ, where the second inequality
follows from (3.5). Thus it follows from Lemma 3.4 that

125 — 2% < pr (@) — 2*) gyl = o1l (u — 2% )5ylla < pallu — ¥ |2,

where py = /1 + (—2uld) 7)?, and the equality follows from @M1 = 0= (u) 57

1-2Kpu(A A
Denote by v = Hg (Z*)). From Lemma 3.1 and the inequality above, we have

(3.15) lo = 2*[l2 S wll@® — &*) gus |2 S wprllu — 2"z,

where S = supp(z*) and S*) = supp(v) with |[S®)| < K. As z(k+1) = (:cl(zkH),a:lEkH))
is the solution to the problem (2.2), by Lemma 3.4, we deduce that

[ — 2¥]|5 < po[(2* ) — &) ll2 = p2ll (v — 27 ) g ll2 S wprpallu — 22,

where py = /1 + (12‘;2‘&))2, the equality is due to (z*+1) =

the last inequality follows from (3.15). Merging this inequality with (3.14) yields

=0= (U)W’ and

* k *
(3.16) 234D — 2¥||s < pllz$? — 22,

where

p = prpai(A) (3K/2) /1 + [BKwn(A) /2%,

which is exactly the constant in (3.6). It is not difficult to verify that p < 1 under
(3.5). In fact, (3.5) implies that 1 — 2K u(A) > 0 and % < 1 which, together
with implies that

1 < 1
1-Kpu(A) 1-2Ku(A)?

1+ () <

()

Thus

3v2Kwu(A) mp(A) \°
ST 2 ”(1—2@@4))

If % <1, then p < 3v2Kw3u(A) <1 under (3.5); otherwise, we have

mM(A)A))2 < 3V2Kw?u(A)3m? <1,

p < 3V2Kw?u(A) (1 oK T op

where the second inequality follows from 1 —2Ku(A) > 1—c due to (3.5) which implies
2K p(A) < ¢ <1, and the last inequality is implied from (3.5). Since |z} — xgk)Hg <
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|lz* — 2(*)||4, it follows from (3.16) that the sequence {z(®)} converges to the sparse
solution z* of the linear system. ]

Remark 3.1. The above theorem shows that (3.5) is a sufficient condition for the
global convergence of TSAA. Note that

R T A CEroi I U N WP NS Y SRR B
20(A) { ? (M(A)> }SQN(A)<2M(A)<2<1+M(A)>’

where ¢ is the constant given in Theorem 3.6. Thus (3.5) is more conservative than the
one in Lemma 3.5. Given a matrix A, the right-hand side of (3.5) is easy to compute.
Clearly, the smaller the value of u(A), the larger the quantity of the right-hand side
of (3.5) and thus the broader the class of linear systems that satisfy (3.5).

4. Multiblock splitting alternating algorithm. In this section, we consider
the multiblock case where the matrix is formed by concatenating more than two
orthogonal matrices. For this case, the SAA is referred to as the multiblock splitting
alternating algorithm (MSAA) which is formally described as follows.

MSAA Input A=[®4,...,P,] e R™*P™ wherep>2and &, cR™*™ i=1,...,p
are orthogonal matrices. Input y € R™, sparsity level K, and integer number 7 such
that K <7 <2K.

S1 (Initialize) Give any initial point z(*) = (z
vectors yZ(O) eR™ for1=2,...,p. Set k:=0.
S2 Given vectors z(*) and ygk) eR™ fori=2,...,p, set u =y— ZJ 2yj and
perform the following loop:
fori=1,...,p—1,do

go)’ .. .,x,(yo)) € RP™ and any initial

—(k B\ ~(k o, k
JJE ) :HK((szUE ))7yz( ) = ( )7 ’L+1 =Y - Z] 1 yj f i+2 yj( )
end

Set Ty =M (@Tuh™).
3 Let 7% = (... .z0) and d® = AT(y — Az®). Set A® = £, (F®) U
Lok (d®) and

(4.1) k) = arg]énin{ﬂy — Ax||y s supp(z) C AP},
reRP™

S4 Set S®) = L () and
(4.2) (m§k+1)7 e ,xz(,k+1)) = 2" .= argmin{||ly — Az||» : supp(x) € S®)}.
TERP™

Set y(kH) @ixgkﬂ),i =2,...,p. Replace k41 by k, and repeat S2—S4 until

a stopping criterion is met.
The comment similar to Remark 2.1 is valid for MSAA Thc loo%) at S2 iteratively
and alternately generates the mtermedlate pomt k) = g ) from the cur-

rent one z(*). Starting with ul =y— ZJ 2Y; (k) , the algorlthm generates x( ), ﬁk),

and u( ) , then x( ) (k) and ué ), and continues untll ué ) 7

the end of loop. The vectors

ugk) :y—Zﬁjk) nyi(k),i:L...,p

j<i J>1

and x, ~ are generated at

can be seen as the approximation to the optimal partition yj,...,y, of y, which
can be written as y; =y — >,y — > ;Y. ¢ = 1,...,p. It is also interesting
to note that when 7 = 2K, the algorithm does not use the gradient information
d®) = AT (y — Az(®)) of the metric ||y — Az||3 at 2(®). In this case, AF) = Lop (TF).
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5. Analysis of MSAA. In this section, we show that under some condition, the
sequence generated by MSAA converges to the sparsest solution of the linear system.
Before stating the main result for MSAA, let us introduce the following norm of the
vector z=(21,...,2p) € RP™, where each z; € R™:

121l (p,00) = Joax. l| il 2,

which is helpful in the analysis of MSAA. We also need the following generalized

versions of Lemmas 3.3 and 3.4, respectively.

LEMMA 5.1. Let A=[®q,Dq,...,P,], where &, e R™*™ i=1,...,p are orthogo-
nal matrices. Let A C{1,...,pm} be an index set with |A| <m. Then for any vector
u € RP™, one has

(5.1) 1A% 4~ Dyl < ) (1AL e + gl )

where A={1,...,pm} \ A.
Note that every row of AT A — I contains at most (p— 1)m nonzero entries. Using

a proof similar to that of Lemma 3.3 will yield (5.1). The proof is omitted here.

LEMMA 5.2. Let A = [®y,...,D,] € R™*P" where ®; € R™*™ i =1,...,p are
orthogonal matrices. Let x* be the K-sparse solution to the system y = Ax and
K < 1/u(A). Let A C {1,...,pm} be an index set with cardinality |A| satisfying
K <|A|<1/p(A). Let zt = argmin, cppm{ ||y — Az||2 : supp(z) C A}. Then

2
(5.2 I+~ 2" < % 1+ (Gl ) 6T =l
where A={1,...,pm} \ A.

Using Lemma 5.1 and the similar proof of Lemma 3.4, one can obtain the error

bound (5.2) immediately. The details are omitted.

THEOREM 5.3. Let A=[®q,...,P,] e R™*P™ where &, c R™*™, i=1,...,p are
orthogonal matrices. Suppose that the linear system y = Ax has a K-sparse solution
x* € RP™ and

(5.3) K< u(lA)min{Tl,;; (MIA))Q}

— — 2 .
where 71 = W?’P—?)\/ﬁ) (< 1/5) and o = % are constants with

w=(vV5+1)/2. Let (O € RP™ and ygo) €R™ (i = 2,...,p) be any given initial
vectors. Then sequence {m(k)}kzl generated by MSAA satisfies that

12D —2¥[l2 <nlla®™ — 27| (p,00),

2
L ( pmps(A) )
31— Ra(A))
Thus the sequence {x®)}y>1 converges to x* which, under (5.3), is the unique sparsest
solution to the linear system.

where 1 is a positive constant given as

WK u(A)Bp—2)y/p ppu(4)
T WK u(A) l”(zu—smm)))

<1.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/10/25 to 116.31.95.3 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

2320 YUN-BIN ZHAO AND ZHONG-FENG SUN

Proof. Suppose that the sequence {z(®) = (x(k), )}k>1 with x( ) ¢ R™,
is generated by MSAA. Let {z(*) 7(*) z(*) x(kH)} be glven as in MSAA. We now
prove that the sequence {ff(k)}kzl converges to x*. For notational convenience, we
define w(k) @?ugk), 1=1,...,p, where u,t(-k)’s are the vectors generated at S2 of the
algorlthm We first provide an upper bound for [|Z*) — 2*[|(,, ). Note that

(k _ =(k) (K *
179 = ") = max 7" — 2l =117 — 7 |2

for some g € {1,...,p}. By the structure of MSAA, for all k£ > 1, one has ﬂﬁ“ = @jiék)

for j =1,...,p—1 and y()—fbx for j = 2,...,p. By definition, u(k)—y—

Z]<z@§k) Z]Nyj( ) which, together with y = Pyry + 3, P+ 0, Py
implies that
k _ &7, (k ~(k) (k) *
ol =0y =) =0 (y- T - | -
Jj<q Jj>q
- qT D, +Z‘I)JC —|—Z<I>z —Z‘I) 7k Zfbjazék) -
Jj<q Ji>q Jj<q Jj>q
(5.4) =" oTe;(ar —7) + Y 0T, (a; — aM).
i<q Ji>q

Denote by S = supp(z}) and Q( ) = = supp(z; ik )) Supp('HK(wgk))) fori=1,...,p.
Clearly, |Q | < K for every i, and Y_7_, |S;| < K since x* = (z},...,z}) is K-sparse.
By using (5.4) and Lemma 3.1, we have

IZ®) — 2%l (p,00) = 175 = 23l = 1Hx (W) = 2gll2 Swll (W —23)g ooz
* k
(55)  <wd @7 ;) —F)]g g lle+w Y 10705 — i o0lla:
J<q J>q
We now bound the terms on the right-hand side of (5.5). Notice that for any j < g,
~(k v~k
125 @5(25 = )5, pquo l2 = 11(24) g, ouw] (25 = F5)l2

* ~ k?
= [1(®a) s, 0] (B3) 5,000 (5 =T oo -
By Lemma 3.2, one has

x  ~(k k x  ~(k
11232 (5 — 255, o ll2 < 515 VP +18; U QP (A (5~ T57) g, w1

J

(A 2K +[Sq] +1Si) |2 =] (.00

N RN~

(5.6) <

where the last relation follows from \Q(k | < K, \Q(k | < K and the definition of
|l - [l(p,00)- Denote by I‘( ) = = supp(z; (k )) Since z(®) is K-sparse, |I‘( )| < K for every

i=1,...,p. By the same analysis above and noting that supp(z; — §k)) cS;u FZ(-k),
for any j > ¢ one has
* k * k
118725 = 2], a0 12 = 11(@a)s, gl (@) rie (@5 = 23)g roo
1 k . k
< 518, 0P +18; VTP (A — 25 g pew

(5.7) WA 2K +|Sg| + 185D llz" = 2|00

l\DH—‘l\')
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Since |Sg| < K and >, |5;| < K, we see that
(5:8) D 2K+ 8o +8j1 = (2K + S, g — 1)+ D_18] < (Bg - 2) K.
J<q Ji<q

Similarly, as

j>q197| < K, one has

(5.9) Z2K+ 1Sql + 1551 = 2K +1S,[)(p — ¢) + Z 1551 <(B(p—q) + K.

Substituting (5.6) and (5.7) into (5.5) and using (5.8) and (5.9) yields

~ . 1 ~ .
175 = 2| (p,00) < Jwh(4) D @K+ S+ 1S DIE® — 2™ 5,00

Ji<q
+ > (2K +1S,] +1S;]) |2 x*|<p,oo>]
Ji>q
1 ~ " *
(5.10)  <jw wK(A)[(3¢ = 2)1F%) — 2| (po) + B — @) + D|z™ = 2% .00)]-

As 1< g<p, wesee that 1(3g—2)wKu(A) < 1(3p—2)wKpu(A) < 2(B3p+1)wKpu(A) <
1, where the last inequality follows from (5.3) which implies that
2 2 1

(5.11) Kuld) <= S G2y ) ~w(i+3p) 5

where 71 < ﬁ follows from the fact 2w?(3p — 2)/p > 3p for any positive integer
number p. Thus by merging terms, (5.10) can be written as

(5.12) 7% = 2% p,00) < F@ 2™ =27l (p,00)

where

swKu(A)B(p—q)+1) -

wKp(A)B(p—1)+1)
1 - swKu(A)(3¢—2) ~ '

fla) = 2~ WK u(A)

p=f(1)=

The inequality above follows from that f(q) is decreasing over the interval [1,p]
provided 2= 1wKu(A) < 1 which is ensured since 3p+1wKu(A) < 1 due to (5.11).
2— wK,u(A) >0 is also implied from (5.11). Thus it follows from (5.12) that

(5-13) H%(k) - x*”(p,OO) < p”-r(k) - x*ll(p,OO)-

Let A =L, (7)) and u=H,(z®). Clearly, supp(u) C A. By Lemma 3.1, we have
lu—2*lla Swl|E® —2%)suallz Sw[|Z® = 2% |2 SwVBIFD =2 (p,00);

where S = supp(z*). Combing this relation with (5.13) yields

(5.14) lu = 2™ |2 Swpy/pla™ — |00

According to S3 of MSAA, A®) = £_(ZF))U Lox_, (d®). Noting that supp(u) C A C
A®) which implies that urgy = 0. By the structure of MSAA, the 2K-sparse vector
() is the solution to the least-squares problem in (4.1). By using Lemma 5.2 and
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noting that |[A®| < 2K < ﬁ, where the second inequality follows from (5.11) due
to Ku(A) <2/(w(1+3p)) <1/2, we have that

79 — 2 o < pu ) )

Twllz = p1ll (v — 2%) gzl < prflu — 2%|l2,

where p; = \/1 + (%)2, and the equality above follows from (Z(*)) 7 =0=

(u) 57+ Denote by v = Hi (ZF) = (2F)) g1y, where S®) = L (2(F)). Tt follows from
Lemma 3.1 and the above inequality that

(5.15) lo = 2*[l2 < W (@™ = %) susuppy |2 < wpr[lu — 2|2

As supp(v) € S®)| we see that (v)gar = 0. Notice that |S*)| = K and 2®+D) =

($§k+1), . .,x,()kﬂ)) is the solution to (4.2), by Lemma 5.2 again, one has
||$(k+1) -z < P2||(l’(k+1) — 2% )gall2 = p2ll(v — 2%)ga5lle Swprpallu — 272,

where py = \/1 + (#%)2, the equality follows from (z**1)=z =0 = (v)ga,

and the last inequality from (5.15). Merging (5.14) and the inequality above yields

(5.16) [2® T — 2%(|5 < w?pp1p2y/Bllz®) — 2| .0y = 1ll2®) — 2% (| (.00,

where 7 ::w2pp1p2\/;5. That is,

p CEBA G =2V || pmuA) |y (4 Y

2 — wKu(A) 21— 2Kp(A)) 21— Ku(A))) |
Thus from (5.16), to show 2(*) — 2*, it is sufficient to verify that 7 < 1 under (5.3).
Since 1 — Kpu(A) > 1 —2Kp(A) >0 which is ensured by (5.3), 1 is bounded as

WK p(A)(3p —2) /P 1+< pmp(A) >
2(1 — 2K u(A))

- 2 —wKu(A)
If Q(f’#}% <1, thenn< 2“’31;’1 &41)((3?;)2)\/17 < 1, where the second inequality follows

from Kp(A) < which is (5.11). If 2(1”#[{(:()14)) > 1, we have

(5.17)

_ 20K pu(A)(3p — 2)y/p < pmu(A) )2 w* Kpu(A)* (3p — 2)/p(pm)?
= T T GK u(A) 2(1 — 2K u(A)) 202 —wr)(1—2m)2

which follows from 2 — wKp(A) > 2 —wrm >0and 1 —2Ku(A) >1—271 >0 due to
Ku(A)<m and 13 <1/5<2/w (by 5.11)). Define 75 := %. Then (5.17)
can be written as 7 < Ku(A)3>m? /7 which is strictly less than 1 under the condition
in (5.3). Thus n < 1 is guaranteed by (5.3). From (5.16), we deduce that {z(®)};,
converges to z*. Since the right-hand side of (5.3) is lower than 3(1+ ﬁ% x* is the

unique sparsest solution to the linear system by Lemma 3.5.

Remark 5.1. (i) Theorems 3.6 and 5.3 are established for TSAA and MSAA,
respectively, for the first time. Conditions (3.5) and (5.3) can be satisfied when u(A)
is small and/or the sparsity level of z* is low. For example, let U denote the right-
hand side of (3.5). Clearly, U > 1 when u(A) is sufficiently small. In this case, let
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x* be a K-sparse vector with K := |U|, and set y := Axz* as the measurements.
Then the system Az =y will satisfy the condition in (3.5). (ii) Although this paper
focuses on problems involving concatenated square orthogonal matrices (where all
blocks ®;,i =1,...,p, have the same number of columns), the algorithms presented
here can be extended to a more general setting where the splitting blocks are not
necessarily square. The extended algorithm and its convergence analysis would differ
significantly from those in this paper. A RIP-based convergence analysis might be
more convenient for the extended algorithms, which is a worthwhile future work.

Remark 5.2. TSAA and MSAA are shown to be convergent under (3.5) and (5.3),
respectively. Both assumptions pertain to the range of sparsity level, i.e., K < K*,
where the bound K* depends on p(A). A larger bound K* implies that a wider
range of problems satisfy the assumption. Moreover, Theorems 3.6 and 5.3 both
characterize the decay speed of the error sequence {||z*) —2*||5} in terms of the decay
ratio p and 7, respectively. Clearly, a smaller decay ratio indicates faster algorithm
convergence. Theorem 3.6, established through a separate analysis, is not a special
case of Theorem 5.3 . It cannot be derived from the latter by merely setting p =2. In
fact, Theorem 3.6 is more profound than Theorem 5.3 for p =2 in two aspects: (3.5) is
more relaxed than (5.3), and the convergence speed claimed in Theorem 5.3 is slower
than that in Theorem 3.6. To elaborate, let us denote 7 and 75 in Theorem 5.3 as
71(p) and 72(p), respectively, since they depend on p. Note that 71(p) and 72(p) are
strictly decreasing with respect to p > 2. Thus it is straightforward to verify that

max7i(p) =71(2) < E,maXTQ(p) =7(2) < E(l —¢)?,
2" p>2 2

where ¢ = 3% with w = Y55 This implies that for any p> 2,

min{n(p)ﬂ'z(p) (m:(A))} <min{;, o1~ of (m;(A))Q}_

Consequently, (3.5) in Theorem 3.6 is more relaxed than (5.3) in Theorem 5.3 for
any p > 2. Furthermore, it can be verified that under (5.3), the decay ratio p in
Theorem 3.6 is strictly smaller than n in Theorem 5.3. Since 1 depends on p, we
denote it as n(p) which is strictly increasing in p. It is not difficult to verify that
under (5.3), p< %n@) < %n(p) for any integer p > 2. This means the convergence
speed claimed in Theorem 5.3 is slower than that in Theorem 3.6. The analysis for
two-block case can be conducted more deeply, as only two blocks need to coordinate.
For this case, when the partition y, for one block is given, the partition y, =y —1y, for
the other block is immediately determined. However, the analysis for the case p > 2
encounters much more challenges due to the increased uncertainty and complexity
associated with multiple-block coordination and observation partition between blocks.

6. Numerical experiments. The performance of our algorithms on synthetic
data is demonstrated and compared with existing ones, including IHT, HTP, SP,
CoSaMP, OMP, /;-minimization, and FISTA with a fixed stepsize. Additionally,
the performance of TSAA on real magnetic resonance image (MRI) reconstruction is
demonstrated. In our experiments, ¢1-minimization (¢;-min) is solved using CVX with
the ‘Mosek’ solver [25]. The steplength in IHT and HTP is set to 1, as the columns
of A are normalized. The number of iterations for OMP is set to the sparsity level
K of the vector to be recovered. We use IT to denote the total number of iterations
performed by an algorithm. Initial simulations indicate that the success rate of our
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algorithms for locating the sparse solution of linear systems is insensitive to the choice
of initial points. Thus, we set z(?) = 0 (together with ygo) =y/pfori=2,...,p) as
the default initial point. The value of 7 (K < 7 < 2K)) reflects how much gradient
information at the current iterate is used to reduce the error metric via the projection
in Step 3 of TSAA and MSAA. Initial simulations also indicate that using part of the
gradient information can enhance the performance of our algorithms. Thus we set
7= K as the default value for this parameter.

6.1. Performance on synthetic data. The Matlab codes ‘sprandn(n,1,d)’ and
‘orth(randn(m))” are used to generate the K-sparse vector z* € R™ and orthogonal
matrices ®; € R™*™ (4 = 1,...,p), where n = m*p and d = K/n € (0,1). Such
vectors have at most K normally distributed nonzero elements, and ®;’s are the
orthogonalized random Gaussian matrices. The performance of algorithms can be
evaluated by their success rate for recovering sparse vectors via accurate or inaccurate
measurements. In our experiments, the recovery criterion is set as

(6.1) l2® — %2/ ||l2* ]2 < 107

The recovery of z* is said to be successful if the vector z(*) generated by the algorithm
satisfies (6.1). The matrix A = [®1,...,P,] € R™*" is of size m = 1000 and n = pm
with p =2 or 5. When the sparsity level K is pretty low, all algorithms mentioned
in this section can successfully recover the sparse vectors. Thus we only demonstrate
the performance of algorithms on the vectors with relatively high sparsity levels, i.e.,
Ky < K < Kyaz, where Ky = 20 and K4, > m/2. For every given sparsity level
K=Ky+5i fori=0,1,..., LMJ, we use 100 random examples of (A4,z*) to
evaluate the success rate of the algorithms.

6.1.1. Solving problems with just a few iterations. The first observation is
that our algorithms require only a few iterations to find the sparsest solution of a wide
range of underdetermined linear systems. In signal-recovery terms, our algorithms
can recover a broad range of sparse signals using just a few iterations. Here, we
demonstrate the results for TSAA in noiseless situations, while similar results are also
observed in noisy settings.The results for IT = 3,..., 7 are summarized in Figure 1(a),
which shows that all K-sparse vectors with K < 0.4 m are exactly recovered by TSAA
in just a few iterations. The range of problems that TSAA can solve broadens with
each additional iteration. We also observe that TSAA can solve a wider range of

m = 1000, p =2 m = 1000, p =2
A A
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(a) TSAA: IT=3,4,5,6, 7 (b) Algorithms with IT=7

Fia. 1. Success rates for recovery with just a few iterations.
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problems than several mainstream iterative methods (HTP, SP, CoSaMP) when using
the same number of their first few iterations. Their comparison is given in Figure 1(b),
where all algorithms are run for only 7 iterations.

6.1.2. Comparison of overall success rates and runtime. In our experi-
ments, the default maximum number of iterations for TSAA, MSAA, HTP, SP, and
CoSaMP is set to be 100; the parameter A and the Lipschitz constant L in FISTA [3]
are set to be A\=4 x 107 and L = \,,42 (AT A) (the largest eigenvalue of AT A); IHT
and FISTA are allowed to perform up to 3000 iterations due to their slow convergence.
From a practical point of view, it is more sensible to evaluate the performance of the
algorithms in noisy situations. Thus we take the measurements y := Az* + eh, where
h € R™ is a standard Gaussian noise vector and € > 0 is the noise level. We stop the
algorithm when [|z(*) — z(* =D ||y /|2 ||, <1078 or the prescribed maximum number
of iterations whichever is first reached and then adopt (6.1) to decide whether the
recovery of z* is successful.

In this experiment, the success rate of each algorithm for a given K is deter-
mined using 100 random problem instances. The performance of TSAA and MSAA,
compared to several existing algorithms, is summarized in Figure 2. The result in
Figure 2(a) is obtained under the noise level € = 5 x 107>, while Figure 2(b) is ob-
tained under € = 3 x 1075, The results indicate that ¢;-min and FISTA are severely
affected by the given noise levels. From Figure 2(a), the success rates of IHT and
CoSaMP drop to 35% when K /m is close to 0.4, but TSAA continues to succeed even
as K /m approaches 0.5. This demonstrates that TSAA significantly outperforms IHT,
CoSaMP, ¢;-min, and FISTA and is comparable to HTP, SP, and OMP. Figure 2(b)
shows that MSAA with p =5 remains very robust with an overall performance bet-
ter than OMP and comparable to HTP and SP. This experiment indicates that our
algorithms are stable, as their performance is not very sensitive to changes in noise
levels or the measurement rate m/n which, however, severely affect the performance
of IHT, ¢;-min, FISTA, and OMP.

The CPU time spent in these experiments is given in Figure 3. Figure 3(a)
shows that TSAA consumes remarkably less time than FISTA, ¢;-min, and OMP to
achieve the same recovery criterion (6.1), but spends slightly more time than HTP.
The runtime is also lower than that of SP, CoSaMP, and IHT as K increases. Similar
results are observed for MSAA with p =5, as shown in Figure 3(b).
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Fi1G. 2. Comparison of success rates for vector recovery. (a) Two-block case. (b) Five-block case.
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Fi1G. 3. Comparison of CPU time (in seconds) spent by algorithms to achieve recovery success.
(a) Two-block case. (b) Five-block case.

6.2. Reconstruction of MRI images. Two brain MRI images, Image 1 and
Image 2, of size 192 x 174 are reconstructed using TSAA and several existing methods
for comparison. We represent the original MRI image by concatenating its columns
into a vector x* € R™ with n = 33408. The coefficient vector ¢* € R™ of z* under
the discrete wavelet transform W(-) is used, where W is based on the wavelet ‘dbl’
with 6 levels and periodic extension mode. Specifically, ¢* = W (x*), which is often
compressible. We obtain the accurate measurements y := Ac*, where A € R™*"
(m =n/2) is constructed by concatenating two orthogonal matrices. Our goal is to
generate a K-sparse vector ¢ € R™, which is the best K-term approximation to c*.
We set K =m/3 for TSAA, IHT, HTP, SP, and CoSaMP. The reconstructed image
# € R™ is then obtained by 2 = W~1(&), where W1 is the inverse of W. The quality
of the reconstructed image is assessed using the peak signal-to-noise ratio (PSNR):
PSNR = 10 - log; (2552 /MSE), where MSE denotes the mean-squared error between
the original and reconstructed images.

The original MRI images and those reconstructed by TSAA are shown in Figure 4.
The first column displays the original images, while the other three columns present
the reconstructed images with I'T = 1, 4, and 9 iterations, respectively. Clearly, the
quality of the reconstructed images is significantly enhanced with each additional few
iterations of TSAA. As expected, TSAA achieves high-quality reconstruction with
very few iterations. Furthermore, it is interesting to observe how the PSNR improves
as IT increases. The results are displayed in Figures 5(a) and 5(c). From Figure 5(a),
the PSNR of TSAA rapidly reaches its peak values within only 10 iterations, sur-
passing other algorithms by at least 6 dB. For IT > 24, the PSNRs of SP, HTP, and
CoSaMP gradually approach their maximum values. Even when IT is increased to
40, none of the other algorithms exceed the PSNR of TSAA. Additionally, the PSNRs
of IHT and FISTA improve very slowly with increasing IT, requiring a large number
of iterations to achieve a certain level of reconstruction quality. Similar results are
shown for Image 2 in Figure 5(c).

Finally, let us compare the time required by the algorithms to achieve a prescribed
PSNR. Specifically, we aim to determine how long each algorithm takes to reach a
desired PSNR level. The results for Image 1 are shown in Figure 5(b), and those
for Image 2 are in Figure 5(d). For Image 1, the PSNR values range from 18 to
34, while for Image 2, they range from 18 to 32, both with a step size of 0.25. In
both Figure 5(b) and Figure 5(d), the fixed values on the far right of each curve
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FI1G. 4. Reconstructed images by performing TSAA just a few iterations: IT=1, 4, 9. (Original
Image 1 and Image 2 courtesy of the Shandong Zibo Central Hospital.)
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Fi1G. 5. (a) and (c): Comparison of PSNR (in dB) vs the number of iterations performed. (b)
and (d): Comparison of CPU time (in seconds) vs PSNR (in dB). The first row corresponds to
Image 1, and the second to Image 2.
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indicate that the algorithm reached the prescribed maximum number of iterations
without achieving the target PSNR. From Figure 5(b), it is evident that TSAA can
reconstruct Image 1 up to approximately PSNR = 33.5 within 100 iterations. Only
TSAA and SP can achieve PSNR values in the range [32.5, 33.5], with TSAA being
significantly faster than SP. For PSNR < 32.5, TSAA is much faster than the other
existing methods except for HTP, which is faster than TSAA when PSNR is below
32.5. However, HTP cannot achieve PSNR values above this threshold. CoSaMP and
IHT can only reconstruct Image 1 up to PSNR = 23, even when IHT is allowed to
perform 3000 iterations. The results for Image 2 in Figure 5(d) are similar to those for
Image 1, except that FISTA can achieve PSNR = 32 for this image, which is better
than the other algorithms. However, FISTA is much slower than TSAA in reaching
the PSNR up to 31.

7. Conclusions. The splitting alternating algorithms for finding sparse solu-
tions of underdetermined linear systems have been proposed. These algorithms are
specifically tailored for large-scale linear systems involving concatenated orthogonal
matrices. Their global convergence has been established under a mutual-coherence-
type condition. Numerical results demonstrate that the proposed algorithms can suc-
cessfully identify the sparse solution for a wide range of linear systems, often within
just a few iterations.

Reproducibility of computational results. This paper has been awarded the
“SIAM Reproducibility Badge: Code and data available” as a recognition that the
authors have followed reproducibility principles valued by SIMAX and the scientific
computing community. Code and data that allow readers to reproduce the results in
this paper are available at https://zhongfengsun.github.io/.

Acknowledgment. We would like to thank anonymous reviewers and associate
editor for their valuable comments and suggestions, which helped us improve the
quality of the manuscript.

REFERENCES

[1] B. Apcock AND A. C. HANSEN, Compressive Imaging: Structure, Learning, Cambridge Uni-
versity Press, Sampling, Cambridge, UK, 2021.
[2] M. S. AsiFr AND J. ROMBERG, Sparse recovery of streaming signals using {1-homotopy,
IEEE Trans. Signal Process., 62 (2014), pp. 4209-4223, https://doi.org/10.1109/TSP.2014.
2328981.
[3] A. BECK AND M. TEBOULLE, A fast iterative shrinkage-thresholding algorithm for linear in-
verse problems, SIAM J. Imaging Sci., 2 (2009), pp. 183-202, https://doi.org/10.1137/
080716542.
[4] T. BLUMENSATH AND M. DAVIES, Iterative hard thresholding for sparse approximation, J.
Fourier Anal. Appl., 14 (2008), pp. 629654, https://doi.org/10.1007/s00041-008-9035-z.

S. Boyp, N. ParikH, E. Cuu, B. PELEATO, AND J. ECKSTEIN, Distributed optimization and
statistical learning via the alternative direction method of multipliers, Found. Trends Mach.
Learn., 3 (2010), pp. 1-122, https://doi.org/10.1561/2200000016.

(6] A. BRUCKSTEIN, D. DONOHO, AND M. ELAD, From sparse solutions of systems of equations to
sparse modeling of signals and images, STAM Rev., 51 (2009), pp. 34-81, https://doi.org/
10.1137/060657704.

[7] E. J. CanDis, Compresive Sampling, Proceedings of the ICM, Madrid, Spain, 2006.

E. J. CanDES AND T. TAO, Decoding by linear programming, IEEE Trans. Inform. Theory, 51

(2005), pp. 4203—-4215, https://doi.org/10.1109/TIT.2005.858979.
9] E. J. CaNDES, M. WAKIN, AND S. BoYD, Enhancing sparsity by reweighted minimization, J.
Fourier Anal. Appl., 14 (2008), pp. 877-905, https://doi.org/10.1007/s00041-008-9045-x.
[10] S. S. CHEN, D. L. DoNoHO, AND M. A. SAUNDERS, Atomic decomposition by basis pursuit,
SIAM J. Sci. Comput., 20 (1998), pp. 33-61, https://doi.org/10.1137/S1064827596304010.

[5

=3

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://zhongfengsun.github.io/
https://doi.org/10.1109/TSP.2014.2328981
https://doi.org/10.1109/TSP.2014.2328981
https://doi.org/10.1137/080716542
https://doi.org/10.1137/080716542
https://doi.org/10.1007/s00041-008-9035-z
https://doi.org/10.1561/2200000016
https://doi.org/10.1137/060657704
https://doi.org/10.1137/060657704
https://doi.org/10.1109/TIT.2005.858979
https://doi.org/10.1007/s00041-008-9045-x
https://doi.org/10.1137/S1064827596304010

Downloaded 10/10/25 to 116.31.95.3 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

(11]

(12]

(13]
(14]

(15]

[16]

(17]

(18]

(19]
20]
(21]

(22]

23]

[24]

[25]
[26]

27]

28]

[29]

(30]

(31]

[32]
(33]

(34]

(35]

SPLITTING ALTERNATING ALGORITHMS 2329

J. W. CHol, B. SHiM, Y. DiNGg, B. Rao, aNnD D. I. KM, Compressed sensing for wire-
less communications: Useful tips and tricks, IEEE Commun. Surveys Tuts., 19 (2017),
pp. 1527-1550, https://doi.org/10.1109/COMST.2017.2664421.

W. Dar AND O. MILENKOVIC, Subspace pursuit for compressive sensing signal reconstruc-
tion, IEEE Trans. Inform. Theory, 55 (2009), pp. 2230-2249, https://doi.org/10.1109/
TIT.2009.2016006.

D. L. DoNnoHo, Compressed sensing, IEEE Trans. Inform. Theory, 52 (2006), pp. 1289-1306,
https://doi.org/10.1109/TIT.2006.871582.

D. L. DonoHO AND X. HuO, Uncertainty principles and ideal atomic decomposition, IEEE
Trans. Inform. Theory, 47 (2001), pp. 28452862, https://doi.org/10.1109/18.959265.

D. L. DoNOHO, Y. TsalG, I. DRORI, AND J. -L. STARCK, Sparse solution of underdetermined
systems of linear equations by stagewise orthogonal matching pursuit, IEEE Trans. Inform.
Theory, 58 (2012), pp. 1094-1121, https://doi.org/10.1109/TIT.2011.2173241.

A. EAaMAZ, F. YEGANEGI, D. NEEDELL, AND M. SOLTANALIAN, Harnessing the power of sam-
ple abundance: Theoretical guarantees and algorithms for accelerated one-bit sensing,
IEEE Trans. Inform. Theory, 70 (2024), pp. 6690-6713, https://doi.org/10.1109/TIT.
2024.3422918.

M. ELAD, Sparse and Redundant Representations: From Theory to Applications in Signal and
Image Processing, Springer, New York, NY, 2010.

M. ELAD AND A. BRUCKSTEIN, A generalized uncertainty principle and sparse representa-
tion in pairs of bases, IEEE Trans. Inform. Theory, 48 (2002), pp. 2558-2567, https://
doi.org/10.1109/TTIT.2002.801410.

A. FEUER AND A. NEMIROVSKY, On sparse representation in pairs of bases, IEEE Trans. Infrom.
Theory, 49 (2002), pp. 1579-1581, https://doi.org/10.1109/TIT.2003.811926.

S. FoucARrt, Hard thresholding pursuit: An algorithm for compressive sensing, SIAM J. Numer.
Anal., 49 (2011), pp. 2543-2563, https://doi.org/10.1137/100806278.

S. FOucARrT AND H. RAUHUT, A Mathematical Introduction to Compressive Sensing, Springer,
NY, 2013.

S. FOUCART AND S. SUBRAMANIAN, [terative hard thresholding for low-rank recovery from
rank-one projections, Linear Algebra Appl., 572 (2019), pp. 117-134., https://doi.
org/10.1016/j.1aa.2019.03.007.

R. GrLowinski, S. J. OsSHER, AND W. YIN, Splitting Methods in Communuication, Imaging,
Science, and Engineering, Springer, Switzerland, 2016.

P. B. GOHAIN AND M. JANSSON, Robust information criterion for model selection in sparse
high-dimensional linear regression models, IEEE Trans. Signal Process., 71 (2023),
pp. 2251-2266, https://doi.org/10.1109/TSP.2023.3284365.

M. GRANT AND S. BoyD, CVX: Matlab Software for Disciplined Convex Programming, Version
1.21, 2017.

R. GRIBONVAL AND M. NIELSEN, Sparse decompositions in unions of bases, IEEE Trans. Inform.
Theory, 49 (2003), pp. 3320-3325, https://doi.org/10.1109/TIT.2003.820031.

R. GROTHEER, S. L1, A. MA, D. NEEDEL, AND J. QIN, Stochastic natural thresholding algo-
rithms, in 57th Asilomar Conference on Signals, Systems, and Computers, Pacific Grove,
CA, 2023, pp. 832-836.

T. HASTIE, R. TIBSHIRANI, AND M. WAINWRIGHT, Statistical Learning with Sparity: The Lasso
and Generations, Chapman and Hall/CRC, New York, NY, 2015.

Z. HE, Q. SHU, Y. WANG, AND J. WEN, A ReLU-based hard-thresholding algorithm for
non-negative sparse signal recovery, Signal Process., 215 (2024), 109260, https://doi.org/
10.1016/j.sigpro.2023.109260.

Y. KABASHIMA, M. VEHKAPERA, AND S. CHATTERJEE, Typical £;-recovery limit of sparse vectors
represented by concatenations of random orthogonal matrices, J. Stat. Mech., 12 (2012),
P12003, https://doi.org/10.1088/1742-5468/2012/12/P12003.

A. B. KoNovaLov, Compressed-sensing-inspired reconstruction algorithms in low-dose com-
puted tomography: A review, European J. Med. Phys., 124 (2024), 104491, https://doi.org/
10.1016/j.ejmp.2024.104491.

M.-J. LA1 AND Y. WANG, Sparse Solutions of Underdetermined Linear Systems, SIAM, 2021.

M. LEINONEN, M. CODREANU, AND G. GIANNAKIS, Compressed sensing with applications in
wireless networks, Found. Trends Signal Process., 13 (2019), pp. 1-282, https://doi.org/
10.1561,/2000000107.

A. DE Maio, Y. C. ELDAR, AND A. M. HamMOVICH, Compressed Sensing in Radar Signal
Processing, Cambridge University Press, Cambridge, UK, 2019.

A. MAJUMDAR, Compressed Sensing for Magnetic Resonance Image Reconstruction, Cambridge
University Press, Cambridge, UK, 2016.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1109/COMST.2017.2664421
https://doi.org/10.1109/TIT.2009.2016006
https://doi.org/10.1109/TIT.2009.2016006
https://doi.org/10.1109/TIT.2006.871582
https://doi.org/10.1109/18.959265
https://doi.org/10.1109/TIT.2011.2173241
https://doi.org/10.1109/TIT.2024.3422918
https://doi.org/10.1109/TIT.2024.3422918
https://doi.org/10.1109/TIT.2002.801410
https://doi.org/10.1109/TIT.2002.801410
https://doi.org/10.1109/TIT.2003.811926
https://doi.org/10.1137/100806278
https://doi.org/10.1016/j.laa.2019.03.007
https://doi.org/10.1016/j.laa.2019.03.007
https://doi.org/10.1109/TSP.2023.3284365
https://doi.org/10.1109/TIT.2003.820031
https://doi.org/10.1016/j.sigpro.2023.109260
https://doi.org/10.1016/j.sigpro.2023.109260
https://doi.org/10.1088/1742-5468/2012/12/P12003
https://doi.org/10.1016/j.ejmp.2024.104491
https://doi.org/10.1016/j.ejmp.2024.104491
https://doi.org/10.1561/2000000107
https://doi.org/10.1561/2000000107

Downloaded 10/10/25 to 116.31.95.3 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

2330

(36]

(37]

(38]

(39]

[40]

[41]

42]

(43]

[44]

[45]

[46]

[47]
(48]
[49]
[50]
[51]
[52]
(53]

[54]

[55]

YUN-BIN ZHAO AND ZHONG-FENG SUN

S. MALLAT AND Z. ZHANG, Matching pursuits with time-frequency dictionaries, IEEE Trans.
Signal Process., 41 (1993), pp. 33973415, https://doi.org/10.1109/78.258082.

N. MENG AND Y.-B. ZHAO, Newton-step-based hard thresholding algorithms for sparse signal
recovery, IEEE Trans. Signal Process., 68 (2020), pp. 6594-6606, https://doi.org/10.1109/
TSP.2020.3037996.

B. K. NATARAJAN, Sparse approxrimate solutions to linear systems, SIAM J. Comput., 24
(1995), pp. 227-234, https://doi.org/10.1137/S0097539792240406.

D. NEEDELL AND J. A. TrRopP, CoSaMP: Iterative signal recovery from incomplete and inac-
curate samples, Appl. Comput. Harmon. Anal., 26 (2009), pp. 301-321, https://doi.org/
10.1016/j.acha.2008.07.002.

Y. C. PaT1, R. REZAIIFAR, AND P. S. KRISHNAPRASAD, Orthogonal matching pursuit: Recursive
function approzimation with applications to wavelet decomposition, in Proc. 27th Annu.
Conf. Signals, Systems and Computers, 1993.

S. PATTERSON, Y. C. ELDAR, AND I. KEIDAR, Distributed compressed sensing for static and

time-varying networks, IEEE Trans. Signal Process., 62 (2014), pp. 4931-4946, https://

doi.org/10.1109/TSP.2014.2340812.

SCHERZER, Handbook of Mathematical Methods in Imaging, O. Scherzer, ed., 2nd ed.,

Springer, New York, NY, 2015.

G. SHALOM, E. TREISTER, and I, Yawvneh, pISTA: Preconditioned iterative soft threshold-
ing algorithm for graphical Lasso, SIAM J. Sci. Comput., 46 (2024), pp. S445-S466,
https://doi.org/10.1137/22M1496128.

A. SuccarLa, K. BHATIA, P. RAVIKUMAR, AND P. JAIN, Adaptive hard thresholding for
near-optimal consistent robust regression, Proc. Mach. Learn. Res., 99 (2019), pp. 1-6,
https://proceedings.mlr.press/v99/suggalal9a/suggalal9a.pdf.

Z.-F. Sun, J.-C. ZHOU, AND Y.-B. ZHAO, Heavy-ball-based optimal thresholding algorithms for
sparse linear inverse problems, J. Sci. Comput., 96 (2023), art. no. 93, https://doi.org/
10.1007/s10915-023-02315-1.

V. TEMLYAKOV, Weak greedy algorithms, Adv. Comput. Math., 12 (2000), pp. 213-227, https://
doi.org/10.1023/A:1018917218956.

J. A. TrorP AND A. C. GILBERT, Signal recovery from random measurements via orthogonal
matching pursuit, IEEE Trans. Inform. Theory, 53 (2007), pp. 46554666, https://doi.org/
10.1109/TIT.2007.909108.

C. K. WEN, J. Zaang, K. K. Wong, J. C. CHEN, AND C. YUEN, On sparse vector recovery
performance in dtructurally orthogonal matrices via LASSO, IEEE Trans. Signal Process.,
64 (2016), pp. 4519-4533, https://doi.org/10.1109/TSP.2016.2569423.

Y. YaNG, X. GUAN, Q.-S. JiA, L. Yu, B. Xu, anD C. J. SpaNOS, A Survey of ADMM Variants
for Distributed Optimization: Problems, Algorithms and Features, arXiv, 2022.

Y.-B. ZHAO, Sparse Optimization Theory and Methods, CRC Press, Boca Raton, FL, 2018.

Y.-B. ZHAO, Optimal k-thresholding algorithms for sparse optimization problems, SIAM J.
Optim., 30 (2020), pp. 31-50, https://doi.org/10.1137/18M1219187.

Y.-B. Zuao AND D. Li, Reweighted ¢1-minimization for sparse solutions to underdeter-
maned linear systems, SIAM J. Optim., 22 (2012), pp. 1065-1088, https://doi.org/
10.1137/110847445.

Y.-B. ZHAO AND Z.-Q. Luo, Improved RIP-based bounds for guaranteed performance of two
compressed sensing algorithms, Sci. China Math., 66 (2023), pp. 1123-1140, https://
doi.org/10.1007/s11425-021-1987-2.

Y.-B. ZHAO AND Z.-Q. Luo, Constructing new weighted ¢1-algorithms for the sparsest
points of polyhedral sets, Math. Oper. Res., 42 (2017), pp. 57-76, https://doi.org/
10.1287/moor.2016.0791.

Y. ZHENG AND Q. Liu, A review of distributed optimization: Problems, models and algorithms,
Neurocomputing, 483 (2022), pp. 446-459, https://doi.org/10.1016/j.neucom.2021.06.097.

e

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1109/78.258082
https://doi.org/10.1109/TSP.2020.3037996
https://doi.org/10.1109/TSP.2020.3037996
https://doi.org/10.1137/S0097539792240406
https://doi.org/10.1016/j.acha.2008.07.002
https://doi.org/10.1016/j.acha.2008.07.002
https://doi.org/10.1109/TSP.2014.2340812
https://doi.org/10.1109/TSP.2014.2340812
https://doi.org/10.1137/22M1496128
https://proceedings.mlr.press/v99/suggala19a/suggala19a.pdf
https://doi.org/10.1007/s10915-023-02315-1
https://doi.org/10.1007/s10915-023-02315-1
https://doi.org/10.1023/A:1018917218956
https://doi.org/10.1023/A:1018917218956
https://doi.org/10.1109/TIT.2007.909108
https://doi.org/10.1109/TIT.2007.909108
https://doi.org/10.1109/TSP.2016.2569423
https://doi.org/10.1137/18M1219187
https://doi.org/10.1137/110847445
https://doi.org/10.1137/110847445
https://doi.org/10.1007/s11425-021-1987-2
https://doi.org/10.1007/s11425-021-1987-2
https://doi.org/10.1287/moor.2016.0791
https://doi.org/10.1287/moor.2016.0791
https://doi.org/10.1016/j.neucom.2021.06.097

	Introduction
	Two-block splitting alternating algorithms
	Notation
	Algorithm description

	Analysis of TSAA
	Multiblock splitting alternating algorithm
	Analysis of MSAA
	Numerical experiments
	Performance on synthetic data
	Solving problems with just a few iterations
	Comparison of overall success rates and runtime

	Reconstruction of MRI images

	Conclusions
	Acknowledgment
	References

